A NOTE ON CLOSED SUBGROUPS OF COMPACT LIE GROUPS 



JUN YU 

Abstract. We study two notions "Lie primitivity" and "strongly control fusion" 
("SCF") for closed subgroups of Lie groups, generalize a theorem of Borel-Serre 
and classify simple symmetric pairs which are also "SCF" pairs. 



I. Introduction 

This note is about two notions "Lie primitivity" and "strongly control fusion" for 
closed subgroups of Lie groups, both are defined by Griess ( |Grj ). 

A finite subgroup F of a connected Lie group 67 is Lie primitive if whenever H is 
a closed Lie subgroup such that F C H C 67, then H is finite or H = 67 ( |Grj ). This 
is an analogue of the primitivity for linear representations, but a stronger condition. 
We extend Griess' definition to any closed subgroup H of a compact Lie group 67, 
it is called Lie primitive if (Zg )q C H and there are no closed subgroups K with 
H C K C 67, K ^ Go, and H Q is a proper normal subgroup of K . 

With the notion of Lie primitivity, we get a generalization of theorem of Borel- 
Serre f[5e])- 

Theorem 1. For a closed subgroup S of a compact Lie group G, there exists a 
quasi-primitive subgroup H of 67 with H ^ 1 and S C H , such that either (1) or 
(2) of the following holds, 

(1) H is a Cartan subgroup ofG. 

(2) SAh/Ah is Lie primitive in H/Ah- 

The proof of this theorem and how it lead to the original Borel-Serre theorem is 
given in Section 2. 

A closed subgroup if of a group 67 is said to "strongly controls fusion" (write as 
"SCF" for brevity) in 67 if for any two subsets E>i, B 2 of H which are conjugate in 67, 
whenever g G 67 satisfies gB\g~ x = B 2 , there exists h G H such that gbg~ l = hbh~ x 
for any b G B±. This condition is very strong, it reduces the conjugacy question of 
subgroups of H completely to that of 67. In [Grj . it is already showed the natural 
pairs (GL(n,C),0(nmC)), (GL(n, C), Sp(n, C)), (SO(7, C), G 2 (C)), (E 6 (C), F 4 (C)) 
are "SCF" pairs. From results in [Grj , |Lalj . |La2j . we also know that there are no 
"SCF" pairs (67, H) with 67 a classical Lie group and H a compact (or complex) 
simple Lie group of type F 4 , E 6 , E 7 , E 8 . 

For a compact symmetric space G/K, it is known that 67 = KBK, where B = 
exp(bo) and bo is a maximal abelian subspace of po = (£o) + - For a compact Lie 
group 67 with a bi-invariant Riemannian metric and two closed subgroups H, K, we 
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show G = H exp(jpo)K, where po is the orthogonal complement of the Lie algebras 
of H, K in Lie G. These two kinds of (actually related) double coset decompositions 
enable us to give simple proofs for the compact symmetric pari (SO(7), G2), (E 6 , F4) 
are "SCF" pairs (this is implied by Griess' theorems). Compact symmetric pairs are 
important in Lie theory and representation theory. Moreover we show that simple 
compact symmetric pairs which are also "SCF" pairs are just those known before 
but no more (Theorem [H]). 

The question of looking for more "SCF" pairs (G, H) with G a compact connected 
simple Lie group remains interesting. 

Notations. We fix the following notations. G is a real Lie group, not necessary 
connected, semisimple or compact, topology of G is the Euclidean topology. G is 
the connected component of G containing identity element, and g = LieG is the 
Lie algebra of G. A subalgebra f) C Qo = LieG called a closed subalgebra if the 
Lie subgroup exp(f) ) C G is a closed subgroup of G. 

For a subset X C G, Ca(X) = {g G G\gxg^ = x,Wx G X} is the centralizer of 
X in G, and Nq(X) = {g G G\gxg~ l G X, Vx G X} is the normalizer of X in G. 

Z G the center of G, [G, G] is the commutator subgroup, [g , 0o] is the commutator 
subalgebra. 

Acknowledgement. The author wound like to thank Professor David Vogan for 
teaching him Sternberg 's theorem and thank Professor Xu-Hua He for advice on 
the writing of this note. This note is mostly inspired from Serre 's Lecture notes 
[Se] and Griess' paper |Grj . 

2. Primitive subgroups and a theorem of Borel-Serre 

2.1. Lie primitive subgroups. In |Grj . Griess defined a notion of "Lie primitiv- 
ity" for finite subgroups of Lie groups which is an analogue of "primitivity" for 
linear representations. 

Recall that, a linear group S C GL(V) is primitive if there are no nontrivial 
decompositions V = ®iVi such that S permutes V-i. A finite subgroup F of a 
connected Lie group G is Lie primitive if whenever if is a closed Lie subgroup such 
that F C H CG, then H is finite or H = G. 

From the above definition, if a connected non-abelian Lie group G has a finite 
subgroup F which is primitive, G must be semisimple, since otherwise F C H = 
F ■ Z G C G, H is not finite and H ± G. When G = SL(V), if F is a finite 
Lie primitive subgroup, then the representation V of S must be primitive. Un- 
fortunately primitive finite subgroups of SL(V^) are not necessary Lie primitive, for 
example, we know, A 5 has an inclusion A 5 C SO(3, C). The corresponding inclusion 
A 5 C SL(3, C) is not Lie primitive by definition. But, as the corresponding repre- 
sentation of A 5 on C 3 is irreducible and A 5 is a simple group, we see A 5 C SL(3, C) 
is primitive. 

We generalize Lie primitivity to all closed subgroups. 
First, we definite "Lie primitivity " for subalgebras. 

Definition 2.1. A closed subalgebra f)o of a Lie algebra Qo is called Lie primitive if 
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Proposition 2.1. For a compact semi-simple Lie algebra u and a closed subalgebra 
&, iV u (f)) = N U (NM), NM = f) if and only if CM C J). 

Proof. Note that, for a compact Lie algebra u with two closed subalgebras t, s, if s 
is an ideal of u and r is an ideal of s. Then r is also an ideal of u. Thus f) is an ideal 
of N U (NM), which implies N U (NM) C iV u (fj). Then N U (NM) = N M- 

N u (t)) must be of the form N u (f)) = f) ©s for another ideal s. Thus iV u (f)) = f) if 
and only if s = 0, which is equivalent to C u (Jj) C f). □ 

From the above Proposition, we get the following corollary immediately. 

Corollary 2.1. For a closed Lie subalgebra f) in a compact semi-simple Lie algebra 
u, let a = Zf, and s = [f), f)]. T/ien the following conditions are equivalent, 

(1) t) is Lie primitive in u. 

(2) cm c t). 

(3) a = Zc n { a )j and 5 is primitive in [C u (o), C u (a)]. 

(4) a is a Cartan subalgebra of C u {s). 

Definition 2.2. For a compact Lie group G, we call Cq{[Gq,Gq\) the abelian part 
of G and let A G = Cg([Gq,Gq\) denote it. 

We have (A?)o = (^g )o is the connected component of the center of Go, so is 
abelian, though Aq itself is not necessary abelian. And the Lie algebra of Aq is 
equal to the center ofg = Lie G. 

Note that, Aq is the kernel of the adjoint homomorphism n : G — > Aut([go, 0o])> 
where go = LieG is the Lie algebra of G. Since [go,0o] is semisimple, we have 

lnt([0o,0o]) C G I A G C Aut([g o ,0o]), 
from which we get A g /a g = 1. 

Definition 2.3. For a compact Lie group G, a closed subgroup H is called (Lie) 
primitive if {Aq)q C H and there are no closed subgroups K with 

H C K C G,Kq Gq and Ho is a proper normal subgroup of Kq. 

H is called quasi primitive if there is a sequence Hq D Hi d ... D H s of closed 
subgroups of G, such that Hq = G, H s = H and each Hi + \ is primitive in Hi. 

In the definition of "primitivity" , the condition (A G ) C H induces H/(Aq) C 
G/(A g )q, and the latter G/(Aq) is a semi-simple group of adjoint type. 

When G is a connected semisimple Lie group and H is a finite subgroup, Lie 
primitivity defined above becomes that defined in [Gr] (recalled in the beginning of 
this subsection). 

Examples of Lie primitive groups include full rank subgroups, maximal closed 
subgroups, and those H C SU(n) with H semi-simple and the corresponding rep- 
resentation of H on C n is irreducible. 

Lemma 2.1. For a compact groups H C G, let g — LieG, f)o = Lie if. 

If f)o is Lie primitive in q (that is, N So (i) ) = t) ), then H is Lie primitive in G. 

If H is Lie primitive in G, then N go (ty ) = f) or 0o (that is, f) is Lie primitive 
in Q or f)o is an ideal of go). 
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Proof. Suppose H is not Lie primitive, let K be a closed subgroup of G with dim K < 
dimG and Hq is a proper normal subgroup of K . Let to = LieK. Then (j C to C 
-Ng (*o), t 7^ f)o and t 7^ So- So iV go (f) ) 7^ f) - Thus f) is not Lie primitive. 

Suppose AT Bo (f)o) ^ f) and iV flo (h ) ^ f) , let K = N G {H ). Then H <Z K a G, 
and LieiT = A^ flo (f) )- Thus dim.fr < dimG and Hq is a proper normal subgroup of 
K , so is not Lie primitive. □ 



When N So (t) ) = q , that is, f)o is an ideal of 0q. Let G' = Ng(H ) / H and 
H' = H/Hq. Then LieG' = 0o/f)o is semi-simple, H' C G' and if is a finite group. 
It is also clear that H is Lie primitive in G if and only if H' is Lie primitive in G' . 

Lemma 2.2. If H is a finite Lie primitive subgroup in a compact semi-simple Lie 
group G, then Cq{H),Ng{H) are finite. 

Proposition 2.2. Let G be a compact Lie group and H a Lie primitive subgroup 
in G, then Nq{H)/H is a finite group. Moreover, if H is semi-simple, then G is 
semi-simple and Cg{H) is finite; if H is finite, then for any normal subgroup A of 
H not contained in Aq, Nq{A) is finite. 

2.2. A generalization of a theorem of Borel-Serre. In 1950s, Borel and Serre 
proved a theorem said any supersovable finite subgroup of a compact (or linear 
reductive) Lie group is contained in the normalizer subgroup of a maximal torus. 

Theorem 2 (Borel-Serre, [SeJ). For any compact Lie group G with a supersovable 
finite subgroup S , we can always find a maximal torus T such that S C AT G (T). 

Lemma 2.3. For a compact semi-simple Lie group G and a closed subgroup H with 
dim H < dim G, we can always find a closed primitive subgroup K of G, such that 
H C K, Kq Gq, and Ho is a normal subgroup of Kq. Moreover, when H is not 
primitive, Hq is a proper normal subgroup of Kq. 

Proof. Prove by induction on dimG. If H is primitive, let K = H, then K satisfies 
the conclusion in the lemma. 

If H is not primitive, then there exists a closed subgroup K' C G, such that 
H C K', H is a proper normal subgroup of K' , and K' 7^ G . Let g , t' , f) be Lie 
algebras of G, K', H respectively. 

When t' Q is not normal in q , let K = Ng(K' ), then H C K C G. By Propo- 
sition 12.11 and Lemma 12.11 K is Lie primitive, then K satisfies the conclusion in 
the lemma. When i' is normal in Qq, consider the inclusion HK /Kq C HGq/K' , 
then dim(ifGo/i^ ) < dimG. By induction, we can find a closed subgroup K with 
HK' Q C K C HG , dim K/K' < dimG/K' , is normal in K, dim K/K' > and 
K/K'q C HGq/Kq is a primitive inclusion. Then H C K C G, dimfT < dimG, K 
is Lie primitive in G and H is a proper normal subgroup of K . □ 

Lemma 2.4. For a closed subgroup S of a compact Lie group G, there exists a 
quasi-primitive subgroup H of G with Hq ^ 1 and S C H, such that either (1) or 
(2) of the following holds, 

(1) Hq is abelian. 

(2) SAh/Ah is Lie primitive in H/Ah- 
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Proof. Prove by induction on dimG. Since we can reduce to SAq/Ag C G/Aq, so 
we may assume that G is semi-simple and of adjoint type. 

If S C G is primitive. Let H = G, so H satisfies condition (2) in the lemma. 

If S C G is not primitive. By lemma [231 there exists a primitive closed subgroup 
H' C G with S C H', such that H' ^ 1 and H' + G . 

When H'q is abelian, let H = H'. Then H satisfies 1) in the conclusion. 

When H'q is not abelian, one has (Ah')o H , so H' /Aw is a compact Lie group 
of positive dimension. Reduce the question to SA H i/A H i C H'/A H i. 

Since dim H'/Ah> < dimG, by induction we can find a closed subgroup H of 
G with SAw C H C H', H ^ (Ah>)o, H/Ah> C H'/Ah> is a quasi-primitive 
inclusion, and (H/Aw)o is abelian or S Ah Aw / Ah Aw C H/AhAw is a primitive 
inclusion. Then S C H C G with Hq ^ 1. When (H/Ah>)o is abelian, ifo is also 
abelian. When S Ah Aw /Ah Aw C H/AjjAjji is a primitive inclusion, A#/ C ii 
implies C Aff, so SAh/Ah is Lie primitive in H/A H . □ 

Proof of Theorem^ Prove by induction on dimG. Reduce to SAq/Ag C G/Aq, 
we may assume that G is semi-simple and of adjoint type. 

From lemma I2.4[ there exists a closed quasi-primitive subgroup H' of G with 
S C .ff 7 , H ^ and SAw/Aw is Lie primitive in H' /Aw or f/ 7 , is abelian. 

When S Aw / Aw is Lie primitive in H'/Ah>, let if = ii 7 , then if satisfies 2) in 
the conclusion. 

When H' Q is abelian, if H is a Cartan subgroup. Let H = H', so if satisfies 1). 

If H Q is not a Cartan subgroup. Then Ng{H'q) / H' Q is a compact Lie group of 
positive dimension. Reduce to SH' < Ng(H' ) / H' Q , since dim Nq(H q )/H < dimG, 
by induction we can find a closed Lie subgroup H of G with SH C H, Hq ^ H , 
H/ H'q C Ng(Hq) I 'H'q is a quasi-primitive inclusion, and H /Hq is a Cartan subgroup 
of Ng(Hq) / Hq or S Ah Aw /Ah Aw is Lie primitive in H/AhAw- Then argue as in 
the proof for lemma [231 we deduce that H is a Cartan subgroup of G or SAh/Ah 
is primitive in H/ Ah- □ 

Theorem^ implies Theorem^ By Theorem [TJ we only need to show case (2) in 
theorem [1] never happen for a super- solvable subgroup S. 

If case (2) happens, we will get a primitive embedding from a quotient of S to some 
H/A H . Let f) be the Lie algebra of H. Since Int([f) , f) ]) C H/A H C Aut([f) , f)o]) ; 
we may assume that S itself has a primitive embedding to some G = Aut(u) with 
u a compact semi-simple Lie algebra. S is super solvable, so we can choose a prime 
order element o G S such that (a) is normal in S. A classical theorem of A. Borel 
said u CT 7^ 0. In another hand, u CT ^ u since the automorphism <r is non-trivial. Let 
K = Nader)). Then S C K C G, K ^ 1 and i^o 7^ Go, so S is not primitive in 
G. □ 

2.3. Lie primitive finite subgroups. Theorem [1] indicates that, among all closed 
subgroups of compact Lie groups, Lie primitive subgroups have special importance. 
In particular, modulo the classification 

To illustrate the class of Lie primitive subgroups, first we have a finiteness result. 

Proposition 2.3. For a compact Lie group G, there are only finitely many conju- 
gacy classes of Lie primitive closed subgroups of G. 
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Lemma 2.5. For a finite group S and a compact semi-simple Lie Group G, the 
number of conjugacy classes of homomorphisms from S to G is finite. 

For a complex semi-simple Lie algebra f) and another complex semi-simple Lie 
algebra g, there are only finite many orbits for the Int(g) conjugation action on 
Hom(fj,fl). 

Lemma 12751 is due to Weil, his method of proof is to establish a connection between 
infinitesimal deformations of homomorphism and Lie group (or Lie algebra) coho- 
mology (actually H 1 only) and show some cohomology vanishes (e.g., Whitehead 's 
first lemma), the proof is contained in |Weil] . 

Proof of Proposition \2.3[ By Lemmas 12 . 51 and 12 . 1 [ we only need to show the possible 
isomorphism types of Lie primitive finite subgroups of any compact Lie group G is 
finite. 

First, when G has a Lie primitive finite subgroup, G must be semisimple. 

Embed G faithfully into GL(n, C) for some positive integer n and let S C G be 
a primitive finite subgroup. If S has a solvable minimal normal subgroup A. A 
must be elementary abelian, so A = {C p ) m for a prime p and a positive integer 
m. S C Ng(A) and S is Lie primitive imply that Nq(A) is finite. By Borel-Serre 
theorem [21 A is contained in some Ng{T) for a maximal torus T of G. If p > n, A 
must be contained T, wchih contradicts with Ng{A) is finite, so p < n. Then A fl T 
is contained in the p torsion subgroup of T. Thus m < dimT + ordp(|W|), where 
ordp(k) is the order of maximal p power dividing k and W is the Weyl group of G. 
Thus the possibility of A up to conjugation is finite, so the number of conjugation 
classes of S is also finite. 

If S has no solvable minimal normal subgroups. Choose a minimal normal sub- 
group B of S. It must be that B = E k for a finite simple group E and a positive 
integer k. Choose an element x of prime order p in E, then (C p ) k C GL(n, C). Argue 
as in the previous paragraph, from (C p ) k C GL(n, C), we have k < n + ord p (n\) < 
2n — 1. Since E has a faithful representation of dimension n, for each prime p > n, 
Sylow p— subgroup of E is abelian and generated by at most n elements, so E has 
only finite many isomorphism types. Then the number of isomorphism types of B 
is finite. S C Ng{B) and S is Lie primitive imply that Ng{B) is finite. Then by 
Lemma I2.5[ the number of conjugation classes of 5" is finite. □ 

In |Gr-Ry| , Griess and classified quasisimple finite subgroups of exceptional com- 
pact simple Lie groups. The results are summarized in Table QE there, in which 
they also describe which subgroups are Lie primitive. 

A class of Lie primitive finite subgroups of a compact simple Lie group G very 
different with quasisimple finite subgroups are those subgroups S with a solvable 
normal subgroup A not contained in Zq. Since a solvable minimal normal subgroup 
A is an elementary abelian p subgroup. From the inclusion of A in G, we know 
some information for the possible inclusions of S in G. 

We would like to come back to the study of Lie primitive finite subgroups and 
general finite subgroups of compact simple Lie groups in future. 
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3. "Strongly controlling fusion" pairs 

The notion of "strongly controlling fusion" is introduced by Griess in |Grj . For a 
pair of groups H C G, H is said to "strongly controls fusion in G" if for any two 
subsets Bi, B 2 of H which are conjugate in G, whenever g G G satisfies gB\g~ x = B 2 , 
there exists h G H such that gbg' 1 = hbh' 1 for any 6 e Bj. The last condition is 
equivalent to g = he for some h E H and c G Cq(Bx). 

For simplicity, we will write "SCF" for "strongly controls fusion". Note that, for 
H C G' C G, if H is "SCF" in G, then it is also "SCF" in G'\ if if is "SCF" in G' 
and G' is "SCF" in G, then H is "SCF" in G. 

The notion "SCF" can be discussed on any class of groups, complex linear alge- 
braic groups, compact Lie groups, topological groups, finite groups, and so on. In 
this paper, we consider real Lie groups. 

Lemma 3.1. For groups H C G, H strongly controls fusion in G if and only for 
any two closed subgroups Si,S 2 of H which are conjugate in G, whenever g G G 
satisfies (Si) 9 = S 2 , there exists h G H such that 

gsg- 1 = hsh' 1 , Vs G Si. 

It is also equivalent to for any g G G, g G HCg(H fl g^Hg). 

Proof. For the first statement, the condition in the original definition implies that 
in this proposition is clear. If the condition in this proposition holds, for a triple 
(Bi,B 2 ,g) in the original definition, let Si = (Bi),i = 1,2, then gSig' 1 = S 2 , thus 
there exists h G H such that s 9 = s h for any s G Si, in particular b 9 = b h for any 
b G B\. So the condition in the original definition holds. 

For the second statement, we just need to use the fact for all g G G, H fl g~ l Hg 
is the maximal subset Bi of H such that gBig' 1 C H. □ 

If g G HC G (H n g- l Hg), then for any g> = xgy- 1 (x,y G H), g' G HC G (H fl 
g'~ l Hg'). Thus the condition g G HCciHg) depends only on the double coset HgH 
rather than on g itself. By this, when the pair (G, H) has a simple double cosets 
decomposition, it will be easier to check whether (G, H) is an " SCF" pair. 

For a group G with a closed subgroup H and a normal closed subgroup N , if 
(G,H) is an "SCF" pair. Then (G/N, H/(N D F)) is also an "SCF" pair. In 
the converse direction, if iV n # = 1 and (G/N,H/(N n #)) is an "SCF". Then 
(G,H) is an "SCF" pair. Since for any Si,S 2 C G and g G G with gSig^ 1 = S 2 , 
(G/N, H/(NnH)) is an "SCF" implies that 3h £ H such that gsg~\hsh- 1 )- 1 G iV 
for any s G Si. On the other hand, gsg' 1 , hsh' 1 G H and H f] N = 1. So 
gsg" 1 = /is/i" 1 , Vs G Si. 

An immediate consequence of the condition "if strongly controls its fusions in 
G" is the map Hom(S, H)/H — > Hom(S, G)/G is injective. 

3.1. Examples of "SCF" pairs. 

Proposition 3.1 (Borel, [Bo] ) . For a real semi-simple connected Lie group G with a 
Cartan involution and a maximal compact subgroup K = G @ , K strongly controls 
fusion in G. 
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Proof. Let go = + Po be Corresponding Cartan decomposition on Lie algebra 
Level. Choose a maximal abelian subspace do C po, let A = exp(ao). Recall that 
( [Kn] ) we have a decomposition G = KAK, and the map exp : p — > Exp(p ) is a 
diffeomorphism. 

If (Bi) 9 = B 2 with Bi,B 2 C K and g G G. Since G = KAK, we may assume 
that g G A. Then 

Vx G B 1 ,g' 1 xg = Q{gxg~ x ) = gxg' 1 



=>- Vx G B\,g 2 x = xg 2 , 
=>- Wx G Bi,gx = xg, 

that is, g G Cq(Bi). So strongly controls fusion in G. □ 

Proposition 3.2. For any group H, A(H) = {(x,x) : x G H} strongly controls 
fusion in G = H x H . 

Proof. This follows from the following simple fact: for any g = (hi,h 2 ) G G and 
h = (x,x) G A(H), 

gxg' 1 G A(H) [h^ l h 2 ,x\ = 1 ^[g,h} = 1. 

□ 

Theorem 3 (Griess, [GrJ Theorem 2.3). For any n > 1 and i/ie pazr (U,K) = 
(U(n),0(n)) or (U,K) = (U(2n), Sp(n)), K strongly controls its fusions in U. 

The complex analogue of Proposition [3] implies that "two real (or quaternion) 
representations are isomorphic if and only if their complexfications are isomorphic" , 
which is a well-known fact. Over any field k, there is a proposition similar as the 
complex analogue of Proposition [3j 

From Proposition [31 we also know that the pairs (5 , [/ ±1 (n), 0(n)) and (SU(2n + 
l,SO(2n + 1))) are "SCF" pairs. Here S , [/ ±1 (ra) is the group of n x n unitary 
matrices of determinant ±1. 

Proposition 3.3. For H = Sp(n), SU(n),U(n), SO(2n + l),0(n), and any H C G, 
H is "SCF" in G if and only if for any two element x,y G H , x ~g V implies 
x ~h y. 

Proof. For the if part, for any two compact subgroups Si, S 2 C H, if some j 6 G 
such that gSig' 1 = S 2 , then gsg' 1 ~g s f° r an Y s £ 5i- By assumption of the 
lemma, gsg~ x ~# s. From character theory and Prop. [21 there exists h G such 
that gsg' 1 = hsh~ l for any s G Si, which is just to say H strongly controls its 
fusions in G. 

For the only if part, let S\ = (x), S 2 = (y). If gxg' 1 = y for some g G G, then 
gSig' 1 = S 2 . Then there exists h G H such that gsg' 1 = hsh~ x for any s G Si, so 
hxh~ x = gxg' 1 = y. □ 

Proposition 3.4. For any n > 2, SO(2n — 1) strongly controls its fusions in 
SO(2n). 
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Proof. Let A e 



cos 9 sin 9 
— sin 9 cos 9 



Then 



T = { 



( A 01 



V 



is a maximal torus of SO(2n 
( A 9l 

r = { 



1), and 



1 / 
\ 



: < 0i,...,0„-i < 2tt} 



:0<9 1 ,...,e n „ 1 ,9 n <27r} 



Ae n J 



is a maximal torus of SO(2n). The Weyl groups 

W = W(SO(2n — 1), T) = (C 2 ) n - 1 x S n -i, 
W = W{SO(2n),T') = {{C 2 ) n )' x S n , 

where ((C 2 )")' = {(e 1; e 2 , e n ) G (C 2 ) n : e x e 2 ■ ■ ■ e n = 1}. 

We know that for a compact Lie group G with a maximal torus S, any element 
in G is conjugate to an element in the maximal torus S, and for any two elements 
x,y G S, x,y are conjugate in G if and only they are conjugate by some Weyl group 
element. 

For any x,y G T, it is easy to see x ~ w , y if and only if x ~ w y y thus SO{2n — 1) 
strongly controls its fusion type in SO(2n) by Lemma [3. 31 □ 

Theorem 4 (Griess, [Gr] Theorem 1). G 2 strongly controls its fusions in 5*0(7) . 

Theorem 5 (Griess, [Gr] Theorem 3). _F 4 strongly controls its fusions in E e . 



3.2. New proofs of Theorem 0] and Theorem O Actually, in the paper |Grj it 
is showed G 2 (C) strongly control fusion in S0(7, C)" and "F^C) strongly control 
fusion in Ee(C)". These statements are stronger than Theorems H] and [5] above. In 
the following, we use the same idea (by calculating the possible stabilizer subgroups 
H 9 ) to prove Theorems |4] and [5j 

Proposition 3.5. For a compact symmetic pair G/K, let bo be a maximal abelian 
subspace of p = £q and B = exp(bo), then G = KBK. 

This is an old theorem (cf, [HcJ). 

Proposition 3.6. Let G be a compact connected Lie group with two closed connected 
subgroups H, K C G. Endow G with a bi-invariant Riemannian metric. Let q , f) ; 
to be the Lie algebras of G, H , K respectively and p = (f)o + to)~ L be the orthogonal 
complement of f) + to in So ■ Then 

G = HExp(p )K. 

Proof. For any g G G, H and gK are two compact smooth sub-manifolds of G. 
Thus there exists a smooth shortest curve 7 : [0, 1] — > G connecting H and gK, 
with 7(0) G H, 7(1) G gK. 
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7 must be a geodesic curve, let 7(0) = h G H, 7(1) = gk for some h E H,k e K. 
The equation of 7 can be written as 7(2) = hexp(tX) for some X G go, then 

7(t) = /iexp(X)exp((t-LLY) = 7(1) exp((t - 1)X) = gkexp((t - 1)X). 
Since 7 is a shortest curve connecting connecting H and gK, one has that 

(L h UX) 1 T h (H), (L gk )*(X) 1 T gk (gK). 
Then X JL f) , -X" J- to- Thus X G po- 

Finally, = hexp(X) =>• g = hexp(X)k~ 1 G Hexp(p )K □ 
G = KBK and reference??? (Helgason, maybe) !!!! 

Proposition 3.7 ( [Knj ) . For G any compact connected Lie group and S C G a 
torus(a torus means a commutative connected subgroup), the centralizer Cg{S) is 
connected. 

Proposition 3.8 (Steinberg, [Ca] Pages 93-95). For G any compact connected and 
simply connected Lie group and x G G an element, the centralizer G x is connected. 

Recall that G2 has a unique seven dimensional representation, which is a real 
representation, so we have an inclusion G2 C SO(7). In Lie algebra level, we have 
an orthogonal decomposition(with respect to Killing form on so (7)) 

so (7) = 02 © V, 

where V = M 7 is the seven dimensional real representation of Gi- Let G = 5*0(7), 
H = G 2 . 

Lemma 3.2. For any ^ v E V and any 1 7^ g G exp(V), the stabilizer (centralizer) 
for the adjoint action of G 2 

G v 2 = G f i = SU{3). 

For any g G exp(V), 

H n g~ x Hg = H 9 * 
Proof. For the first statement, one has dim(G 2 'w) < dimV^ — 1 = 6, so 
dimG™ = dimG 2 - dim(G 2 ^) > 14 - 6 = 8. 

Then G v 2 is of rank two. Since v 7^ 0, so G" 2 7^ G 2 . Any proper connected subgroup 
of G2 with dimension at least 8 is conjugate to SU(3) C G2, so (G 2 )o — SU(3). 
Since HgH ^ G, so dim HgH < dimG - 1 = 20. Then 

dim H 9 = dim H + dim gHg" 1 - dim HgH > 14 + 14 - 20 = 8. 

Since 1 ^ g, so H 9 ^ H. Then (H 9 ) is conjugate to SU(3) C G 2 C SO (7). Let 
g = exp{v),v G V. Then IP C H 9 and F5 7 = ifj. 

The inclusion SU(3) C SO (7) is in the well-known way 

f A B 

A + Bi\ — ► -S A 

V 1 
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Assume Hq = SU(3), then 



al 3 bl s 

geC soi7 )(SU(3)) = {\ -bl 3 al 3 \:a 2 + b 2 = l}. 



Let Z denote Cso(7)(SU(3)), which is connected and of dimension one. Since 
exp(V) C C G (H V ), so Z = exp(V). One sees that 

/ al 3 bl 3 

-bl 3 al 3 I : (a + Uf = 1} C SU(3), 



ZDH = { 



\ 



1 



and for any 1 ^ g E Z = exp(V), SO{7) 9 = U(3) = SU{3)Z with SU{3) cG 2 = H. 
Then 

H 9 = H n SO{7) 9 = H n SU{3)Z = SU{3){H nz) = SU{3). 
So H v = H 9 = SU{3). 

For the second statement, let L = 50(8)/ (—1) and consider the inclusion G 2 C 
SO (7) C L = SO(8)/(—I), there exists an order three automorphism 9 of L such 
that L e = G 2 . Then for any x G H, x G H\~\g~ x Hg if and only if 9(g" 1 xg) = g~ l xg, 
which is also equivalent to (9(g)g' 1 )x(9(g)g^ 1 )^ 1 = x. Then 

Hng~ 1 Hg = H 6{ - a)9 '\ 

Under the adjoint action of G 2 , let U be the orthogonal complement of 02 in 
so(8). Then so (8) = Q 2 © U, so(7) = g 2 © ^ and V CU. Moreover, for any v G V, 
[9(v),v] = and 9 2 v + 9v + v = 0. Then [9g,g] = 1 and {9 2 g){9g)g = 1. 

For any x G tf, if x G H e ^ 9 ~\ then (^)c/" 1 and g~ 1 (9g)~ 2 = (O^g^Og)- 1 = 
9((9g)g~ l ) commute with x = 9x. Thus g 3 = {{9g)g~ 1 )~ 2 (g~ 1 (9g)~ 2 )~ 1 commutes 
with x and so H 6 ^ 1 C H 9 " . It is clear that H 9 C H 9 ^ 9 ' 1 . So G 9 C c 

When g 3 ^ 1, by the first statement, we have H 9 * = H 9 = SU(3). So 

]^e{g)g- 1 _ jjg 3 _ jjg 

When g 3 = 1, by the proof for the first statement, we have g G Z fl H G H. So 

H 6(g)g~ 1 = H g 3 = jj Q 

Proof of Theorem^ Let G = 50(7), H = G 2 . By Proposition 13.61 we have 
50(7) = G 2 exp(V)G 2 . By the remark following Proposition 13. 1[ we only need 
to show 

Vg G exp(y),g G HC G (H n jT 1 ^). 
From the proof for Lemma [3.21 when g 3 7^ 1, we have H fl g~ l Hg = H g3 = H 9 , 

so 

9 £ Cg(H 9 ) C HCq{H fl g~ l Hg); 
when g 3 = 1, we have g e H C HC G (H n g~ x Rg). □ 

Recall that (i£ 6 , F 4 ) is a symmetric pair, which is to say there exists an outer 
involution 9 of Eg such that E$ = F4. In Lie algebra level, we have an orthogonal 
decomposition (with respect to Killing form on z & ) Zq = f 4 © V, where V = R 26 is 
an real irreducible representation of F4. 
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Let G = E e , H = G 9 = F 4 , g = ^ and f)o = 0o = U- Let a C V be a maximal 
abelian subspace. Then dimao = 2, C 0o (ao) = C(, (ao) © ao and C(, (do) — so (8). 
Choose a Cartan subalgebra So of Cj, (cio). Then to = So + ao is a Cartan subalgebra 
of 0o- 

One can choose co-root vectors {H 1 - C Hq : 1 < j < 6} such that 

e(H' 4 ) = H' 4 ,e(H' 5 ) = H^e(H' 6 ) = H[. 

Then a = span{i(H[-H' 6 ),i{H' 3 -H^)}. For any g £ exp(V) and any d6^, G v , G 9 
are connected by Lemma I37T1 So G 1 ', are determined by the roots annihilated by 
v,g. 

For roots j3\, (3 2 , {3 S in a root system, let ((3\, (3 2 ..., f3 s ) denote the sub-root- 
system generated by (3i, (3 2 , S . Let Z G = Z E& be the center of E 6 , which is a 
cyclic group of order three. 

Lemma 3.3. For any g £ exp(a ) — Z G , there exists v £ a such that g 2 = exp(2t>) 
and G 9 ' = G v . 

Proof. For v' = m(a(H[ - H' & ) + b(H 3 - H' 5 )) £ a , a, b £ E and 5 = exp(v'), g £ Z G 
is equivalent to say "at most one number among {a + b, 2a — b, a — 2b} is an integer" . 
If none of a + b, 2a — b, a — 2b is an integer, then the roots annialated by g 2 are in 

span{a 2 , a 4 , a 3 + a 4 + a^, a\ + a 3 + a 4 + 05 + c^Hof type D4). 

Let v = v' = m(a(H{ - H' 6 ) + b(H' 3 - H' 5 )). Then g 2 = exp(2v) and G 9 ' = G v = 
C G (oo). 

If a + 6 £ Z, then the roots annialated by g 2 are in 

span{a 3 + a 4 + a 5 , a 2 , «4, «i + «3, «5 + «6}(of type _D 5 ), 

which are also annialzated by iri(a(H[-H' 6 -H 3 +H' 5 )), ni^a+Vj^—H'g-H^+H^)). 
Let v be either of 

m(a(H[ -H' 6 -H' 3 + H' 5 )), m((a + 1)(H[ -H' 6 -H' 3 + H' 5 )). 

Then g 2 = exp(2v) and G 9 ' = G v = C G (a ). 

If 2a — b £ Z, then the roots annialated by g 2 are in 

span{a 4 , a 2 , ct 3 + a 4 + a 5 , oti, a 6 }(of type D 5 ), 

which are also annialzated by 7ci(a(H' 1 — H' % + 2ifg — 2H' 5 )), 7ri((a + — H' % -\- 

2H' 3 - 2H' 5 )). Let u be either of 

7ri(a(iZ* - ^ + 2F 3 - 2^)), 7ri((a + - ^ + 2tf 3 - 2H' B )). 

Then g 2 = exp(2w) and G 9 ' 2 = G". 

If a — 26 £ Z, then the roots annialated by g 2 are in 

span{«i + a 3 + a 4 + a 5 + a e , a 2 , a 4 , a 3 , a 5 }(of type _D 5 ), 

which are also annialzated by 7ii(a(2H[ - 2H' 6 + H' 3 - H£)), m((a + 1)(2H[ - 2H' & + 
H' 3 - H' s )). Let v be either of 

7rz(a(2#{ - 2if£ + tf 3 - vn((a + 1)(2H[ - 2^ + tf 3 - H' 5 )). 

Then g 2 = exp(2t>) and G g2 = G V . □ 
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Now we give a proof of Theorem [5j 

Proof of Theorem^ Let G = Eq, H = and 9 be an involutive automorphism of 
Eq such that G e = H. Let V = M 26 = g^ 6 be the orthogonal complement of f)o in go 
and do be a maximal abelian subspace in V. Then G = H exp(cto)H by Proposition 
13.61 By the remark following Proposition 13. 1[ we only need to show 

\fg G exp(a ),g G HC G (H n g^Hg). 

Since H = G e and 8\ ao = —1, for any x G H, x G H fl g~ l Hg if and only if 
g~ x xg = 6(gxg~ l ) = gxg^ 1 , which is also equivalent to g 2 xg~ 2 = x. Then 

\/geexp(a ),Hng- 1 Hg = H° 2 . 

Moreover, for any x G exp(ao), x G H fl exp(ao) if and only if x^ 1 = 9(x) = x, 
which is also equivalent to x 2 = 1. Then H fl exp(do) = {x G exp(ao) : x 2 = 1}. 

For any g G exp(o ) — Z G , by Lemma 13. 3^ there exists t> G do such that g 2 = 
exp(2v) and G 9 = G v . Let h = gexp(-v) G exp(ao) and c = exp(f) G exp(ao), so 
h 2 = 1. Then p = he, h G if and c G C G (H9 2 ). So g G HCq{H n g" 1 ^). 

For p G exp(a ) n Z G , we have # G C G (ii n g^Hg) C HC G (H n g^Hg). □ 

3.3. Compact symmetric pairs. Compact symmetric pairs are classified by Elie 
Cartan in 1920s [Bo] . |Knj and [Hej contain nice descriptions for this classification. 

We show in this section, for a compact connected Lie group G with an involutive 
automorphism 6, if the Lie algebra go = Lie G is simple and (go, Qq) is different from 
that of any symmetric pair considered in subsection 13.11 Then for any subgroup H 
of G with (67 9 ) C H C G 9 , (G, H) is not an "SCF" pair. 

Lemma 3.4. For any compact Lie group G with a closed subgroup H , if rank H = 
rank G and dim H < dim G, then (G, H) is not an "SCF" pair. 

Proof. Assume (G,H) is an "SCF" pair. Let Gq,H be the connected components 
of G, H containing identity element respectively. 

Since (G, H) is an "SCF" pair, (G' = G/A G , H'H/(A G nH)) is also an "SCF" pair, 
rank if = rank G implies that the connected component (Aq)o C H, dim H < dimG 
and rank H = rank G implies that Go is not abelian, that is, G' = G/A G is a compact 
Lie group of positive dimension. Thus the pair (G', H') is still a pair of compact 
Lie groups(of positive dimensions) satisfies 

rank H' = rankG' and dim H' < dimG'. 

Since we can reduce the question to the pair (G',H f ) and A g /a g = 1, we may 
assume that A G = 1 for the original (G, H) pair. 

Now we assume A G = 1, then G is a compact semi-simple Lie group of adjoint 
type. 

At first, it must be that iio = Go H H . If iio 7^ Go H H, then there exists 
x G Go H H — Hq. Choose a maximal torus T C iio, since rank H = rankG, T is 
also a maximal torus of Go, thus there exists y G T such that x ~g V- x Ho, 
y G iio, thus x r/j R y. This contradicts with the condition (G, H) is an "SCF" pair. 

T is a maximal torus of iio, it is also a maximal torus of Go, let to, fyojflo be 
Lie algebras of T,H,G respectively. G is of adjoint type implies C G (T) = T. Let 
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Na(T), N Go (T), Nh(T), Nh {T) be normalizer of T in G, Go, H, H respectively, 
then 



N H (T)nN Go (T) = N Ho (T). 



Let 



W G = N G {T)/T, W Go = N Go (T)/T, 
W H = N H (T)/T, W Ho = N Ho {T)/T. 

Then W Ho C W H ,W Go C W G and W H n W Go = W Ho - G is semi-simple and 
rank if < rankG imply that W Ho ^ W Go , so W H ^ W G . 

Now we choose an element x G T, which is regular with respect to the W G action 
on T, that is, 

Vl^wG W G ,w(x) ^ X. 
Then for any n G N G (T) — Nh{T), x ~g nxn~ x but x 7^ nxrT 1 . □ 

Theorem 6. For a simple compact symmetric pair (go, f)o) w^f/i go semi-simple, if 
there exists an "SCF" pair (G, if) such that (LieG, Lie if) = (g , f)o)- Then (g , f)o) 
falls into the following list: (t © £ , A(t )) with t compact simple, (su(n),so(n)), 
(su(2n),jBj)(n)), (so(2n),5o(2n - 1)), (e 6 ,f 4 ). 

If we require if to be connected, then (go, f)o) falls into the following list: (6 © 
t ,A(t )) with t compact simple, (su(2n + l),so(2n + 1)), (su(2n),sp(n)), 
{so(2n),so(2n - 1)), (c 6 ,f 4 ). 



Proof. Simple compact symmetric pairs (g , f)o) outside the first list include (cf, [KnJ 
or [He]): pairs (g , f)o) with rank f) = rankg , (so(2p+2g+2),so(2p+l)©so(2g+l)) 
with 1 < p < q and p + g > 3, (e 6 , c 4 = sp(4)). 

If there exists an "SCF" pair (G, if) such that (Lie G, Lie if) is one of such pairs. 
We may first assume A G = 1, then Int(go) C G C Aut(g ) and exp(f) ) C H C 
A^Aut(g )( ex P(^o))5 here exp : g — )• Aut(g ) is the exponential map for Aut(g ). 

When rank f) = rankg , (G, if) is not an "SCF" pair follows from the last lemma. 

When (fl ,M = 0(2p + 2q + 2), so(2p + 1) © so(2g + 1)) with p > l,q > 2, 
choose any < 9 < tt, then for 

/ h P -i \ f h 



X 



A, 



L 2q-1 



\ 



An 



e H,Y 



J 



l 2p+l 



L 2q-3 



A, 



\ 



A, 



\ 



J 



Gif, 



it is always that X ~ G Y but X ^ H Y . 

When (0o, f)o) = (^6, c 4 = S P(4)), we may assume that 

Int(e 6 ) CGC Aut(e 6 ),exp(sp(4)) C ff C iV A ut(e 6 )(sp( 4 ))- 

Then ff = exp(sp(4)) = Sp(A)/(-I). Since Aut(sp(4)) = Int(sp(4)) and there 
exists an outer involutive automorphism 9 of z§ such that exp(sp(4)) = Aut^) 6 ', so 

A r Aut(e 6 )(exp(sp(4))) = exp(sp(4)) x (9) 

and H = G fl ii. G has only two conjugation classes of involutions but ff has 
three conjugation classes of involutions, thus (G, if) is not an "SCF" pair. 

Simple compact symmetric pairs in the first list but not in the second list include 
only (su(2n),so(2n)). 
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When (g , f)o) = (su(2n) , so(2n)) and H is connected, we may assume that 
(G,H) = (SU(2n)/(-I),SO(2n)/(-I)). 

Let X = e? ( 1 T V Then Ad(X)(H) = H and Ad(X)| H is an outer 

V J 2n-1 / 

automorphism of if. Thus there is none Y G if, such that 

Ad(X)| H = Ad(y)| H . 

We have showed 

(ST^n), 0(n)), (SU(2n), Sp{n)), {SU{2n + 1), SO(2n + 1)), 
(SO(2n), SO(2n-l))) J (E 6 ,F 4 ) 

are all "SCF" pairs . Thus each of the pairs (go, f)o) in the two lists can be realized 
as (Lie G, Lie H) for an "SCF" pair (G, H). □ 

3.4. More on "SCF" pairs. If a pari H C G is "SCF" pair, then the study of 
conjugacy questions in H is completely reduced to that in G. This is particular 
useful when H is an exceptional simple Lie group and G is a classical Lie group. 
Unfortunately, by results in |Crj , |Lalj , |La2j , any compact simple Lie group of type 
F 4 , E 6 , E 7 , E 8 doesn't have such an "SCF" inclusion. 

In the above, we illustrated different ways to detect whether a pair H C G is an 
"SCF" pair and classified "SCF" pairs which are also a symmetric pair. It is still 
interesting question to classify "SCF" pairs H C G with G a compact simple Lie 
group. With Criterion 13.11 available, Proposition 13.61 would be helpful in proving 
some pairs H C G are "SCF" when G is relatively not two large compared to H . 

In the below, we investigate this question when H = U(l) or £0(3). 

Up to conjugation, any U(l) = H C U(n) — G is of the form 

H(a) = {h(z) = diag{z a \z a2 ,...,z an }\z £ U(l)} 

for some sequence a = (oj, a 2 , a n ) of non-negative integers with a\ < a 2 < ... < a n 
and gcd(ai,a2, ■■■,a n ) = 1. Since H is abelian, H strongly controls its fusions in G 
if and only for any z, w G U(l), z ^ w implies h(z) h(w), which means any two 
different elements in H are not conjugate in G. 

Lemma 3.5. H(a) doesn't strongly control its fusions in U(n) if and only if there 
exist integers m > k > 1, such that ka = (kai, ka 2 , ka n ) = a{modm) as multi- 
sets. 

For a = (1, 1,2, ...,n — 1), H(a) strongly control fusion in U{n) 
For a = (1,2,3, ...,n), H(a) doesn't strongly control fusion in U(n) 

Proof. For the first statement, if there exist integers m > k > 1, such that ka = 
(ka\, ka 2 , ka n ) = a(mod m), let z = e 27n / m , w = e 2km ^ m , then z 7^ w and h(z) ~c 
h(w). 

Now we suppose there is none pair (m, k) with 1 < k < m such that ka = 
a(mod m) as multi-sets, and there exists z, w G U(l) with h(z) ~^ h(w), z ^ w. 

We first show that z and w are of finite orders. Since h (z) ~g h(w), (z ai , z a2 , z a ") 
differs with (w ai , w a2 , ...,w an ) only by a permutation. This means we can permute 
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a = (ai,a 2 , ...,a n ) to b = (61,62, ■■■,b n ) such that z aj = w j , Vj, 1 < j < n. If there 
exists j ^ k such that — a^j 7^ 0. 

= w b * and ^ afc = w bk =^ z ^-a k b, = L 

So 2 is of finite order. If for any j 7^ k, ajbk — akbj = 0. Then b = a or b = —a. b = a 
and gcd(a 1; a 2 , a n ) = 1 imply z — w, which contradicts to z 7^ w. b = —a imply 
—a differs with a by a permutation. Then for any m > 3, k — m — 1, ka = a{mod m) 
as multi-sets, which contradicts to the assumption "there is none pair (m,k) with 
1 < k < m such that ka = a(mod m) as multi-sets" . 

Thus z is of finite order. Similarly, w is of finite order. Since gcd(ai, a 2 , a n ) = 1, 
(z ai , z a2 , 2 a ") generate the subgroup (z) of order o(z) in ?7(1) and (w ai , w a2 , ...,w an ) 
generate the subgroup (w) of order o(w) in U(l). (z ai , z a2 , z an ) differs with 
(w ai , w a2 , ...,w an ) only by a permutation. Thus these two cyclic groups are equal. 
Let m = o(z) = o(w),w = z k , m > k > 1, then ka = (kai, ka 2 , ka n ) = a{mod m). 

The latter two statements follow from the first directly. □ 

For the group SO (3), for each non-negative integer n, SO (3) has an irreducible 
representation p n of dimension 2n + 1, these representations are actually over IR, so 
we have 

Pn : 50(3) — ► SO(2n + 1) C SU(2n + 1). 
Let H n denote the image of p(SO (3)) C SO(2n+l). Let A e = 

then T = {(^ Ae 1 J |0 < < 2tt} is a maximal torus of SO (3). Under certain 
normalization, 

Pn( Ae J 

Lemma 3.6. For any n > 2, p n (SO(3)) = H n C 50(272 + 1) doesn't strongly control 
fusion in SO{2n +1). 

(Pi © P2)(»S'0(3)) —He 50(8) strongly controls fusion in 50(8). 

Proof. For the first statement, since n > 2, the Euler number 0(2n + 1) > 2, then 
there exists 1 < k < 2n(for example, k = n) such that (k,2n + 1) = 1. Then for 
9 = 2-n /{2n + 1), Aq and A^e are not conjugate in 50(3), but p n (Ag) and p n {Ako) 
are conjugate in SO{2n + 1), thus p n (50(3)) = H„ C SO{2n + 1) doesn't strongly 
control its fusions in SO(2n + 1). 

From lemma 13. 3} to prove the second statement, we just need to show for 9, </>, 
if images of A 9 and A$ in if are conjugate in G, then A 9 and are conjugate in 
50(3), the latter means <ft — 9 {mod 2tt) or <fi = —9{mod 2tt). This is an elementary 
number theoretic or elementary combinatorial problem. We it them to the reader. 

□ 



/ cos(fl) sin(0) \ 
I -sin(^) cos{e) J 



/ A 



\ 



A, 
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Question 3.1. For a sequence of positive integers a = (ai, 02, ■■■a s ), a\ < 02 < .... < 

a s , let n = 2 J2i<j< s a i + s - ^ ^ s unknown for which sequences a, 

p a . : SO(3) — > SO{n) 

l<j<s 

is an "SCF" inclusion. 
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